Thanks to a local interpetation of the KMS condition, the mapping from (unbounded) wedge regions of Minkowski space-time to (bounded) doublecone regions is extended to the Unruh temperature associated to relevant observers in both regions. A previous result, the diamond's temperature, is shown to be proportional to the inverse of the conformal factor (Weyl rescaling of the metric) of this map. One thus explains from a mathematical point of view why an observer with finite lifetime experiences the vacuum as a thermal state whatever his acceleration, even vanishing.
Introduction
Consider a quantum field theory on Minkowski space-time M with a vacuum state Ω. For an inertial observer with infinite lifetime, i.e. whose line of universe in Cartesian coordinates x µ = (t, − → x ) is (t ∈ R, − → x = constant), the vacuum is a zero particle state.
However for an observer with a constant acceleration a and proper time τ ,
the same vacuum is seen as a thermal bath of quanta of the fields at a temperature T U = a 2π . Known as Unruh temperature, T U can be derived in various ways [26, 8, 10, 9] including an approach based on the algebra of local observables accessible for the uniformly accelerated observer [1, 2, 23, 24] .
It is quite natural to wonder if there exists other classes of observers, i.e. other trajectories than (1.1), for which the vacuum appears as a thermal state. This question can be addressed in various ways. Most often [16] the authors consider a quantum system interacting with the vacuum along a chosen trajectory. The point is then to determine whether the system gets excited as if it were at rest in a thermal bath of quantas. The result heavily depends on the chosen trajectory as well as on the form of the vacuum interaction. In [19] , inspired by the thermal time hypothesis of Connes and Rovelli [7] , we addressed the question in a different way, following the "local algebra point of view" on Unruh effect. Under the assumption that the field is conformal invariant we found that the vacuum is still thermal at a temperature T D for a uniformly accelerated observer with finite lifetime. However, in contrast with the eternal case, T D does not vanishes for an inertial observer.
The present note aims at re-deriving this result on some geometrical basis, providing a mathematical explanation to the non-vanishing of T D for zero acceleration. Explicitly T D is shown to be proportional to the inverse of the conformal factor C of the map ϕ that sends a wedge region W of Minkowski space-time M ,
where L is a real constant (see figures 1, 2). The non-vanishing of T D for zero acceleration then reflects that C is everywhere finite, which is natural regarding a map sending an unbounded region of Minkowski space-time to a bounded one. Section 2 is a review on Unruh effect within the local algebraic quantum field theory framework and recalls why wedges region are relevant. Section 3 studies the adaptation to non-eternal uniformly accelerated observers, for which double-cones are the relevant regions, and establishes the link between T D and the conformal factor C. Last section contains discussion and interpretation.
Note that hereafter we do not make any distinction between observer and thermometer. We consider the temperature defined at a point, although from an experimental point of view one should also take into account the spatial extension of the measuring device. In curved space-time in particular this point may be delicate, as illustrated in [4] , since the temperature can vary in a neighborhood of the geodesic followed by the observer, eventually not allowing for a consistent thermal interpretation. We do not take this point into consideration here.
We work in units c = = 1 and with signature + − −−.
Unruh effect, the algebraic way
Let us recall that in algebraic quantum field theory [11] , as soon as an open region O of Minkowski space-time has a non-void causal complement, the associated algebra of local observables A(O) comes equipped with a canonical 1-parameter group of automorphisms associated to Ω (the modular group [6, 25] ),
Furthermore an important result of modular theory states that Ω satisfies with respect to σ(O) the same properties that does a thermal equilibrium state at temperature −1 with respect to time evolution, namely the KMS condition
where ω(.) stands for Ω, .Ω and we omit O to lighten notation. In an abstract sense (2.2) indicates that for an observer whose time-flow is given by σ(O) the vacuum Ω has all the properties of an equilibrium state at temperature −1. To make this statement physically meaningful one has to determine whether σ(O) actually corresponds to a concrete physical situation. This is not an easy task since there is a priori no reason that the automorphism σ(O) s can be written as a → e −iHs ae iHs for some physically meaningful Hamiltonian H. Nevertheless for some open regions O the identification of σ(O) as a physical flow of time is possible: by definition the algebra of local observable A(O) always carries a representation of the Poincare group, and it turns out that for some O, e.g wedges or some double-cones, σ(O) is precisely generated by a Poincare transformation. Consequently the modular group acquires a geometrical action on space-time itself and (2.2) can be interpreted as follows: the vacuum Ω is a thermal state at temperature −1 for an observer whose line of universe coincides with an orbit H O of the geometrical action of σ O on M . However in order to identify s to the proper time τ of some observer one has to check that ∂ s behaves as a well-defined 4-velocity, namely that it has norm 1. Therefore it is convenient to introduce the normalized flow
which is precisely the KMS condition characterizing a thermal state at temperature β −1 for a system with time parameter
To summarize when σ(O) has a geometrical action the vacuum Ω is a thermal state at temperature β −1 for an observer with proper time −βs. The temperature appears as the normalization factor 1 required to make the abstract modular flow ∂ s a physical flow ∂ t .
For example when O = W the modular group σ(W ) is found to be generated by boosts [1, 2] so that the orbit of the point (0, a −1 , 0, 0) ∈ M, a > 0 is an hyperbola H W ,
One easily computes
which is constant on each H W . Noticing that H W (parametrized by s) coincides with the line of universe (1.1) (parametrized by τ ) up to the identification aτ = −2πs, one observes that the thermal time t defined in (2.6) is nothing but τ . In other words the vacuum is KMS with respect to the time evolution of the uniformly accelerated observer, hence Unruh effect.
3 From wedges to double-cones W is relevant in the derivation of Unruh temperature for it represents the whole and only region of M with whom an eternal uniformly accelerated observer can interact, that is he cannot exchange information with somebody outside W . In this sense the edge of the wedge acts like an horizon, and there is indeed an analogy between Unruh temperature and Hawking radiative temperature T H of black holes: for eternal black holes T H identifies to T U for an observer moving on the horizon, with acceleration the surface gravity of the black hole. On the contrary for an inertial observer the edges of the wedge are sent to infinity, W tends to M , there is no longer horizon and T U vanishes. The situation is different for a non-eternal observer. There the existence of an horizon is no longer linked to the non vanishing of the acceleration. Whether he is accelerated or inertial, a non-eternal observer experienced a causal horizon given by the intersection of the future cone of his birth with the past cone of his death. Up to a Lorenz transformation this "life horizon" [18] can always be taken as the boundary of a double-cone (or diamond region) D whose equation is given in (1.3). If one believes, as indicated by the analogy with Hawking temperature, that the thermalization of the vacuum is due to the presence of an horizon, there should be no reason for the life horizon not to be thermal.
A naive guess to define a vacuum-temperature for a non-eternal observer with acceleration a would be to take Unruh formula and define the temperature as a 2π . However the proportionality between the temperature and the acceleration comes from the modular structure of W . There is no reason the same proportionality holds for double-cones. The only thing we know for double-cones is that the vacuum is KMS with respect to the double-cone modular group σ(D). To turn this mathematical observation into a physical result, one should adapt the strategy used to derive Unruh temperature, namely 1) check if σ(D) has a geometrical action on M , and whether the corresponding orbits H D coincides with trajectories of physical observers. 2) identify the thermal time defined in (2.6) to the proper time τ of this observer so that to obtain, via the KMS condition, that the vacuum is thermal with inverse temperature
where, to avoid confusion, we write s the modular parameter associated to σ(D). Without any computation, it is obvious that this temperature cannot be proportional to a constant acceleration, for an observer whose line of universe H D entirely lies within a doublecone has a proper time that ranges within a finite interval ]−τ 0 , τ 0 [ whereas the modular parameter still runs all over R. So the ratio (3.1) that measures the difference between two parametrizations of H D can no longer be a constant, but should rather be a function of τ . 
Modular flow in double-cones
In explicitly computing β for the double-cone the hard part is to determine the modular group σ(D). Fortunately this has been done time ago by Hislop and Longo [12] . Before stating their result, let us recall that their starting point is the observation that doublecones come from wedges by a conformal mapping. Explicitly the map from W to the double-cone of size 1 is the composition
with |x| 2 = t 2 − | − → x | 2 the norm of the 4-vector position and S 1 is the symmetry x 1 → −x 1 . Composing (3.2) on the left with a dilation of amplitude L one defines a conformal transformation ϕ that maps x ∈ W with coordinates x µ = (t,
In particular the unbounded accelerated trajectory (1.1) is mapped to
with N (x) = 1 + 2a
Obviously when τ → ±∞ then t → ±L and x 1 vanishes. Moreover a little bit of algebra shows that
where
and
Thus (1.1) is mapped to a branch of hyperbola whose closure contains the top and bottom of D. To say it differently, through ϕ an eternal uniformly accelerated observer with acceleration a is mapped to a uniformly accelerated observer with finite lifetime and acceleration a . Note that when a runs from +∞ to 0, then a runs from +∞ to −∞, see figure 3 . In particular the hyperbola in the wedge with acceleration a = 1 maps to the inertial trajectory in the double-cone. Having noticed that wedges and double-cones are conformaly equivalent, one can map the modular theory from W to D as soon as the fields satisfy some conformal symmetries compatible with the algebraic structure of local observables. These conditions are rather strong (see [12] for details) and are verified for instance for massless free fields. For massive fields the modular group σ(D) is still an open (and difficult) question. It is expected that its action is not purely geometric [21, 22] . In our case, assuming the field has the required conformal invariance, it turns out that
2 It is immediate to check that x belongs to D since, noting that N is positive on W , the
The orbit under the action of σ(W ) of ϕ −1 (x ) for some x ∈ D is an hyperbola H W corresponding to an acceleration a. The orbit H D of x under the action of σ(D) is thus ϕ(H W ) which, as explained in the precedent section, coincides with the trajectory of a non-eternal uniformly accelerated observer (3.7) with acceleration a . Specifically for
where the sign is opposite to the one of u 3 . Having shown that H D coincides with a physical trajectory, it makes sense to apply (3.1) to define the temperature of the vacuum.
The conformal factor as a temperature
The vector ∂ s tangent to H D is the push-forward by the conformal map ϕ of the vector tangent to H W , ∂ s = ϕ * ∂ s . Therefore
The argument of the square root is nothing but the metricg induced on W by the conformal transformation ϕ,g (U, V ) = g(ϕ * U, ϕ * V ), (3.12) whose components areg µν = ∂ µ x α ∂ ν x β η αβ . Explicit computation yields
with a conformal factor
Hence (3.11) reads
By (2.3) and (2.8),
Hence the temperature at the point x on the orbit H D is the quotient of the Unruh temperature on the inverse image H W = ϕ −1 (H D ) by the conformal factor at x = ϕ −1 (x ). Note that, as expected, since C(x) is not constant along an orbit H D , neither is the temperature.
To check coherence with [19] one needs an expression of β(x ) as a function of the coordinates of x . Let us note that any x ∈ D and x ∈ W are uniquely determined by the values a , a of the acceleration and s, s of the modular parameter. Using the commutativity of the diagram
obtained from (3.9), the inverse image of x = (a , s ) ∈ D is x = (a, s) ∈ W with
where a is obtained by inverting (3.8) . Putting this value into (3.6) then (3.14), one obtains
which is equation 53 of [19] . Initially this equation was obtained by computing β directly from the s parametrization of H D , without reference to the conformal map. We then observed as a striking fact that β(a , s ) was finite on all D, including the inertial trajectory. We missed the following simple observation: the conformal factor associated to a map from an unbounded region W of Minkowski space-time to a bounded region D cannot be infinite (roughly speaking, this is because the conformal factor C has to "contract" W to D). Hence β which is proportional to C has to be finite on all D and T D = β −1 cannot vanish.
Conclusion: conformal mapping of Unruh temperature
A brief way to summarize this article is to rewrite (3.18) as
where x = (a , s ) ∈ D and x = (a, s) = ϕ −1 (x) ∈ W . One may feel uneasy with the idea that T D is not constant along the trajectory of the observer: what is the meaning of such an equilibrium state with non-constant temperature ? As noted in [19] T D (a , s ) is not a constant along H D but it is remarkably flat on a plateau-region that increases with the size of the double-cone. For most of its lifetime, the observer actually sees the vacuum as a thermal state at temperature T D (a , 0). This is only close to the extremities of the double-cone that the temperature rapidly diverges. In a sense by the conformal map ϕ the infinity of lifetime is mapped to a sharp divergence of the temperature at the extremities of the double-cone. Another way to deal with this non-constant equilibrium temperature is to come back to the KMS condition. Since β never vanishes, on a given H D it makes sense to slightly modify (2.3) and define ∂ t = −β(s ) −1 ∂ s . Thus writing α −β(s)ds . = σ ds one obtains an equation similar to (2.5) with ds instead of s. This infinitesimal KMS condition indicates that locally, i.e. with respect to a small variation of time dt = −β(s )ds , the vacuum has all the properties of a thermal state at temperature β(s ) −1 . This idea has to be confronted to another definition of local equilibrium state in algebraic quantum field theory [3] . Work on that matter is in progress.
From a physical point of view T D never vanishes because a non-eternal observer, accelerated or not, has access only to the degrees of freedom inside D while there exist quantum correlations between the inside and the outside of D. Thus the restriction of the vacuum to the inside of D is not a pure state. In the eternal case this analysis fits well with the analogy with Hawking temperature and within appropriate coordinates the edge of the wedge can really be seen as the horizon of a black hole. For double-cones the situation is more problematic. Formally the boundary of D acts as a horizon, but there is no (at least to the knowledge of the author) concrete realization of D as the horizon of a black hole. A theorem of Hawking indicates that the event horizon of a stationary black hole must be a Killing-horizon, and the boundary of D is not a Killing-horizon but only a conformal Killing-horizon. So a possible interpretation of T D in terms of Hawking temperature would require non-stationary black-holes. Note that in [13] surface gravity, hence Hawking temperature, is defined for conformal Killing-horizons but only under the requirement that the conformal factor be 1 at infinity. However there is no proposition for an associated Unruh effect. Here the situation is the opposite: the conformal factor vanishes at infinity (hence the divergence of the temperature at the extremities of the double-cone) so that we cannot use [13] to associate some Hawking radiation to a double-cone. However we managed to define an Unruh temperature.
Another view on the problem is to observe that the conformal map sends unextendible trajectories of observers in W to extendible orbits in D. So the interpretation of the edge of D as a thermal horizon for a finite-lifetime observer is delicate since one may always imagine situations in which the observer is able to exchange information with a second observer whose line of universe goes through D. Also it should be noted that T D (a , s ) cannot be seen as an instant temperature that the accelerated observer could measure at some proper-time τ ≤ τ 0 . Doing so the observer would indeed be able to deduce its lifetime from the inverse function T −1 D , which is not acceptable from obvious causal reasons. Although this objection does not survive a more rigorous analysis [17] , it still questions the physical relevance of double-cone-regions viewed as embedded regions within Minkowski space-time.
Alternatively one may consider D as a universe by itself, independently of any immersion in a larger space. Then the point is to study which of the states of A(D) have a geometric modular action, then to single out by some intrinsic properties the one corresponding to the restriction of Minkowski vacuum. A characterization of states that have a geometric modular action has been obtained for the wedge algebra [5] but the question is open and difficult for the double-cone (see [21, 22] for a nice state-of-the-art discussion of this issue).
It could be also interesting to study whether Unruh's initial idea to compare different quantization schemes on W might be adapted to double-cones.
Finally let us mention other double-cones whose modular group has a geometrical action, namely those associated to 2D-boundary conformal field theory with boundary [14] . The point is to study [15] the influence of the boundary on the temperature, with the idea that far from the boundary one should retrieve the temperature T D calculated in this paper.
